A nonlinear control problem for suppressing utter in a typical wing section with torsional nonlinearity is investigated. Based on earlier results by the authors, Lie algebraic partial feedback linearization is utilized for the construction of a nominal feedback controller. An adaptive method is used to augment the partial feedback linearization to ensure the stability of the closed-loop system under the presence of uncertainties in structural parameters of the aeroelastic model. The closed-loop system is guaranteed to be stable via the application of La Salle's invariance principle. Although the adaptive controller derived in this paper is based on a simple quasi-steady aerodynamic model, numerical experiments show that it also is stable for a full unsteady aerodynamic model.
Introduction
Nonlinear aeroelasticity has been studied intensively by n umerous researchers in the past few years and for the past twenty years in general. An excellent review of the diverse classes of nonlinearities that may arise in aeroelastic problems may b e found in Dowell and Ilgamov. 4 By now, it is well understood that both aerodynamic and structural nonlinearities have signi cant e ects on aeroelastic stability of aircrafts.
Many studies have focussed on the e ect of structural nonlinearities in aeroelastic systems. Structural nonlinearities include distributed and localized types of phenomena. 16 A typical example of a concentrated nonlinearity is free-play, or a bilinear nonlinearity. Recent papers by T ang and Dowell, 19, 20 Conner, et al., 2, 3 Price, et al., 15, 16 and Lee and LeBlanc, 10 investigate the nonlinear response of typical wing section with a free-play nonlinearity, both theoretically and experimentally. Some smooth classes of nonlinearities have been expressed in terms of cubic, or higher order polynomials. Some of the recent articles related to these distributed nonlinearities include the work of Zhao and Yang, 22 Price, et al., 16 and O'Neil, et al. 12 14 It has been established in these studies that same systems possessing structural nonlinearities exhibit a variety o f t ypical nonlinear responses limit cycle oscillations and even chaotic motion. 
Equations of Motion
In this paper, an aeroelastic problem comprised o f a t wo-dimensional wing, as depicted in Figure 1 , is investigated. The wing is mounted on a exible support which permits two degrees-of-freedom motion.
Denoting h and as plunge and pitch v ariables, the equations of motion for this typical aeroelastic system are obtained as In the above equations, the feedback linearization method has been utilized for the design of a nonlinear controller for this class of aeroelastic system. The detailed theoretical derivation of feedback linearization may be found in Refs.6, 18. As a rst step of feedback linearization in this paper, the output function is chosen to be the pitch variable,
That is, we assume that the purpose of the control is to stabilize the pitch motion. It has been shown in Ref. 7 that the above choice of output function has a relative degree of 2, and by the following state transformation
we obtain an equivalent transformed system: In the above equations, L f y" represents the Lie derivative o f y in the direction of f. It is not di cult to show that the above transform and its inverse are well de ned. The partial feedback linearization is then completed by c hoosing the feedback control to be
with a new control input v. After deciding the structure of v using any reasonable linear control methodology, Ref. 7 shows that the resulting zero dynamics system is stable for the elastic axis location, a ,0:55. That is, the closed-loop system is stable within this region.
It is obvious that the above feedback linearization is dependent upon the exact cancellation of the nonlinearity a s s h o wn in eqs. 7-8. When there exist uncertainties in system parameters, however, the exact cancellation is not possible. Thus, the stability of the closed-loop system can not be guaranteed. To a c hieve the closed-loop stability without the exact cancellation as implied in eq. 8, an adaptive methodology was employed in Ref.9, together with feedback linearization. One source of such uncertainties in our aeroelastic model is the polynomial approximation of the nonlinear pitch spring. For example, Fig. 2 shows the di erence between a 5th-order polynomial approximation and an experimentally measured pitch spring sti ness. For the subsequent derivation, it is assumed that the pitch stiness is represented by a n N,th order polynomial
Note that we h a ve de ned i = k i,1 . The adaptive feedback linearization is achieved, rst, by expressing the nonlinear term to be canceled in a form such that the uncertain parameters appear linearly, i.e., from eq. 7 Since the zero dynamics of the feedback linearization is assumed to be stable, we focus on the subsystem for 1 ; 2 from eq. 7,
Denoting the estimated values of parameters as i , the certainty equivalent" linearization is achieved by c hoosing = ,F ,
Substituting the above control input into eq. 11, we obtain _ 1 = 2 13 3 American Institute of Aeronautics and Astronautics are determined such that the above subsystem in eq. 15 is stable when = 0 . The evolution equations for the estimation of the parameters are obtained using Lyapunov theory so that the whole system is stable. The Lyapunov function is chosen as
The derivative along the system trajectory is obtained by di erentiating, and we nd A is constructed to be negative de nite. It is emphasized that the convergence of the parameters is not guaranteed, nor it is necessary. The stability of the system is guaranteed by the invariant manifold theorem by La Salle and Lefschetz.
Unsteady Aerodynamics
To investigate the performance of the adaptive nonlinear controller introduced in the previous section, an unsteady aerodynamic model will be employed. Speci cally, the unsteady aerodynamic model introduced by Theodorsen 21 will be utilized for the numerical validation of our adaptive controller. Recall that the nonlinear control, and the stability guarantee, in the last section were derived for quasi-steady aerodynamic models. Thus, this model of uncertainty provides a measure of robustness of the control design. The performance of the adaptive nonlinear controller is exceptional considering the di erences in the initial parameter values, and recalling that the controller is based on a much simpler aerodynamic model. The history of ap de ection for the current simulation is shown in Fig. 8 .
It is important to note that partial feedback linearization without adaptive control failed in numerous simulations. Speci cally, when we closed the non-adaptive partial feedback linearizing control around the unsteady aerodynamic model, stability was not maintained in many cases. Length limitations preclude a detailed discussion of these important results in this paper. 
